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ABSTRACT

The longitude-dependent part of the geopotential usually gives rise only to short-
period effects in the motion of an artificial satellite. However, when the motion of
the satellife is commensurable with that of the earth, the path of the satellite repeats
itself relative to the earth and perturbations build up at each passage of the satellite
in the same spot, so that there can be important long-period effects.

In order to take these effects into account in deriving a theoretical solution to the
equations of motion of an artificial satellite, it is necessary to select terms in the
rlongitudeudependent part of the geopotential that will contribute significantly to the
perturbations. We have tried to make a selection that is valid in a general case,

regardless of the initial eccentricity of the orbit and of the order of the resonance.

The solution to the equations of motion of an artificial satellite, in a geopotential
thus determined, is then derived by using Hori's method by Lie series, which, by its
properties regarding canonical invariance, has proved advantageous in the classical
theory.

RESUME

La partie du glopotentiel, dépendant de la longitude, ne provoque

généralement que des effets & courte période dans le mouvement d'un satellite
artificiel. Cependant, quand le mouvement du satellite est commensurable
svec celui de la terre, le parcours du satellite se répéte par rapport & la
terre et les perturbations s'ajoutent i chague passage du satellite au méme

endroit, et peuvent ainsi créer d'importants effets & longue période.
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Pour tenir compte de ces effets en dérivant une sclution thorique des
édquations du mouvement d'un satellite artificiel, il est nécessaire de choisir
ceux des termes de la partie du géopotentiel dépendant de la longitude, qui
contribueront d'une fagon significative aux perturbations. On a essayé de
faire un choix qui soit valable pour le cas général, guelques soient la pre-

midre excentricité& de l'orbite et l'ordre et 1'ordre de la résonance.

On a ensuite dérivé la solution des Equations du mouvement d'un satellite
artificiel dans un géopotentiel ainsi déterminé, en employant la méthode de
Hori par la série de Lie, qui a ét& prouvée avantageuse dans la théorie

classique, grice & ses propriftés cohcernant l'invariance canonique.

HOHCITEKT

3apucAmaa OT IOOJCOTH COCTAaBiAAKMAad echoTeHIIHaJia OOBUHO
BEIZBIBAET JIUIIb KOPOTKCONEDHOIHBE HW3MEHEHHA B IBHXEHHH HCKYCCTREH-
HOCO CHYTHHKA 3eMNH. UOHAKO, €CJM OBHXEHHE WCKYCCTBEHHOLO
COYTHHMKa COH3MEPHMO C JIBHXEHHEM 3IEMJIH, TO IIYTh UCKYCCTBEHHOIO
COYTHHK& OTHOCHTENBHO 3eMiM W NepTypCalril, HOCTPOEHHHX Ha
KAaXIOM OTPE3Ke IYTH HCKYCCTBEHHOIO CIYTHHKE B TOH e TOUKe,

[IOBTOPAETCA, TakK 4YTO BO3OeHCTBUA YK€ MOI'yT OHTL OOJICOOEeDUOI-
HBIMH .

Ina yyera 3TUX BOBIUESHCTBHA NPH NOJYUCHHH TEOPOTHYECKOLO
DEMeHHA ypaBHEeHHH OBHXEHUA HWCKYCCTBEHHOTO CIYTHHKA HEeOofXOOWUMO
BHOPATE T€ YIeHW 3aBHCAMEH OT IOJCOTH COCTABJANMEH TeonoTeH-
LHasia, KOTODeE ABJAKNTCA BaXHOH 4YACTER IIepTypfaurfi. Mbl DRITaluMchb
CCYWEeCTBHUTE BHICOD TakuMm ofpa3oM, YTCCH OH roauica 7 O€Leroc
cry4yas, B HEBaBUCHMOCTH OT HAUANLHOI'C 3KCLEHTPHUCHUTETa M NODANKA
pesoHaHsca.

3aTeM B TEONOTEHUHANe, OIDENEeNeHHOM TAKWUM cnnocoCoMm, BhI-
BOOUTCA pemeHHe ypaBHeHHﬁannmeHHH'HCKyCCTBeHHoro CIIYTHUKA IO
METOLy XOpPH C NOMCUEBK cepud JIM. O9TOT METON OKABAJCA I0JIe3HBIM

B KJIACCHYECKOH TEeOpUM €raromapfd CBOEH yCTaHOBHBHEHCH HEM3IMEeH—
HOCTH.



ON THE TESSERAL-HARMONICS RESONANCE
PROBLEM IN ARTIFICIAL-SATELLITE THEORY

Barbara A. Romanowicz

1. INTRODUCTION

If the gravitational potential of the earth is expanded in terms of Legendre poly-
nomials and functions, then in order to obtain a good approximation in the determination -
of the orbit of an artificial satellite, it is usually sufficient to consider the zonal, lon-
gitude-free terms of the expansion. However, the influence of the tesseral terms
becomes important in the case when the mean motion of the satellite and the rate of

rotation of the earth around its axis are in a simple ratio.

This problem has been examined from different points of view. Morando (1963)
considered the particular, important case of a 24-hour satellite; Allan (1967, 1973)
worked out perturbations due to resonance in a more general case and to the first
order, by using Lagrange's equations. On the other hand, Garfinkel {1974) considered
the abstract, mathematical problem of ""ideal resonance." We have attempted to derive
expressions for the perturbations in the motion of an artificial satellite due to the mﬁst
general tesseral-harmonics resonance. The caleulations are carried out to order 3/2
in the small parameter of the expansion of the perturbing function, and the perturbation
method used is that of Hori, which is canonically invariant and avoids mixing of old and

new variables, as opposéd to the generally used method of Von Zeipel.

This work was supported in part by Grant NGR 09-015-002 from the National Aeronautics
and Space Administration. :



2. CHOICE OF THE DISTURBING FUNCTION AND EQUATIONS OF MOTION

The gravitational potential of the earth at exterior points can be expressed as

follows:

u i R\ > N R\
UG, 8,0 =& |1 - Z 3 (;) P_(cos 6) + Z Z Jn,m(;) P, ;(cos 0) cosmp- )
n=2 n=2 m=l1 (1)

where (r, 9, \) are spherical polar coordinates relative to the center of mass of the earth,
the axis of rotation being the pole of coordinates; p is the gravitational constant G times
the mass of the earth; R is the mean equatorial radius of the earth; Pn (z) is the nth

Legendre polynomial; Pn m{z) are associated Legendre functions:
?

d"P_(z)

Py m@= (-2

dz

and J n and J11 are dimensionless coefficients related to the normalized coefficients

- —— Y
C1r1, m’ Sn,m by:

Jn,szn,m ‘/2(2n+ 1) (n-m)! /(n+m)! |, m#0 ,
~J, = Cn, 0= 2n+1 Cn, 0 ? | (2)
Jn,m cos m(\ —}\n, In) = Cn,m COsS mh + Sn,m sin mx

It can be assumed that the largest perturbing forces are due to the leading zonal
harmonie, which contains J o and corresponds to the oblateness of the earth, The
remaining zonal harmonics have much smaller effects and are not considered here.

The tesseral harmonics, containing Jn, me are the longitude-dependent terms and
usually give rise only to short-period effects because they all contain the mean anomaly
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and the sidereal angle in their arguments. In the case of resonance, however, a cer-
tain number of these terms can produce effects of large amplitude and very long period.
It is therefore necessary to select appropriately those tesseral harmonics to be

included in our disturbing function.

The general tesseral harmonic can be developed in terms of the osculating elliptic
elements (a, e, I, 2, w, M), referred to the equator of the earth, in the form (Kaula,
1966); '

+1 Qe
Vom* (%)(-éfi)n I, m; Fy m,p® > Gy p, (©) cos [(n ~2p)w + (- 2p+ QM
_ p=0 qa
+ m(Q2-vt -)\n,m)J , (3)

where v is the angular velocity of the rotation of the earth, t is the time, and Fn m p(I)
2 )
and Gn p 0‘[(ea) are, respectively, the ineclination and eccentricity functions as defined

Ly
by Kaula (1966). The functions Gn p q(e) are of order |q| in eccentricity.
2

Resonance occurs when a pair (a, p) of mufually prime integers exists such that
the satellite performs B nodal periods while the earth rotates a times relative to the
precessing satellite's orbit plane. This can be expressed by

a(o+M) = B(v-{) (4)

where d), M, and © are the rates of change with time of w, M, and @, respectively.
The corresponding slowly varying arguments are of the form

2

kldna B + const

2

where

@u’[3= a(w+ M) + B(Q2-t)

is called the resonant variable and k. = 1,2, 3,... .

1



Considering that & is a small quantity and that the general argument in a tesseral

harmonic is

&= (n-2p)w + (n—2p+q)M+m(Q—vt—?\n,m) s

we shall select the tesseral harmonics by keeping those containing arguments such
that

n—-2p+q:k1a s

k,=1,2,3,... . (5)
m=%k,p ,

Since n = m and since lower order tesseral harmonics are bound to have larger
effects because of the factor (R/r)", where R/r < 1, it can be assumed that it is
enough to consider only the cases kl =1, 2, and 3.

Ifk 1= 1, then m = B, and the tesseral harmonics to be considered are

Vﬁ+k0’ 6 ky=0,1,2,...

In a general manner, the tesseral harmonics to be kept are
V.
k1[3+k0, kl;‘:} y

where k; = 1,2,3,... and for each ks the index k, takes values 0, 1,2,... .

2.1 Resonant Part of a Tesseral Harmonic

Once we have decided which tesseral harmonics to keep for our disturbing func- *

tion, we then need to extract for each its most important ""resonant” part.



if Vopisa selected tesseral harmonie, withn= klﬁ + k0 and m = klﬁ, we look

for terms’ containing ''resonant" arguments by solving equation (5); that is, since we

already know m = k,p, we have
n-2p+q= kla ’

or, in this case,
ky(B-a) +ky=2p-q

As the condition 0 = p = klp + k0 must be satisfied, the following pairs (p,q) are

solutions;
p=0 , q=kl(u,-{3)-k0 3
p=1 , q=kl(o.-|3)—k0+2 ,
(6)
p=x , q=kl(o.-[3)-k0+2X s
P=klﬁ+k0 ) q=kl(u.+ﬁ)+k0 [

and the résonant part of the tesseral harmonic Vn m is
Hd

i Bk +k
R

R = J E F G
n,m 1 “n,m - n, m, pX(I) n,p,, qx(e) cos (kléa,,[s -q - mn, N

0

where

q = kl(o.—ﬁ) - k0 + 2x
and

Px =X
Thus,



=R + V!
Vn,m n,m ‘n,m ’

where V! _ is the residual, the effect of which is much smaller than that of R .
n, m n, m

It will be convenient to exﬁress the sum of the resonant parts of all the selected

tesseral harmonics in the following manner:

3
ZRn,m = Z D(kl) cos 281(kl) ,
k

1=t

where

D(k,) cos 28, (k)= Z Rkl;3+k0,klﬁ ’
kok))

the sum over ko(kl) meaning that we have taken into account all the values of k0 when k 1

has a given value. In order to obtain D(kl) and 9 1(kl), we can write

n

KR Jp m
S(klako):_""ﬁ_l—_'jl'_ 3 n=k15+k0 ’ m=kf@ ,
a
A(kp kg: X) = Fn, m,X(I) Gn, X, qx(e) > (3
X=n
D)) exp 210;(k)= D 805, kg) D Ally, k%) exp iley®, o - a0 - KipA, )
ko) x=0
where
q =k (@-p) -k, + 2x
If we write
A =Kk,pA
K, kg~ 1P M Bk ko
and



20, (k) = Ky o ~ky@-B)" + Yk

then

n
Dk, ) exp (k,) = Z Sk, k) Z Ak}, Ky, %) exp i[(kO—BX)w "Akl’ko]

ko(kl) x=0
Thus,
x=kl[3+ko
B(k,) = D(k,) cos (k) =Z Z Sty k) Ay, kg, x) 00s [k - 2%)e - A, ’ko] , (%)
k, x=0 1
-x=klﬁ+k0

C(k,) = D(k,;) sin §(k;)= Z Z Sk, ko) Alky, kg, %) sin I:(ko-Zx)w —Akl’ko:l ) (9b)
k x=0
0

Dk =Bk ® +Ckp? , (8c)

in which D(kl) and zp(kl) are functions of a, e, I, and 2. Appendix A gives expressions
for the first and second derivatives of D(kl) and z,b(kl) with respect to the canonical set
of Delaunay variables.

Finally, the potential in which the satellite moves is taken to be

2
:E - & ’
v - J2 r3 Pz(cos 8) + E Rn,m+ E Vn,m s (10)

the sums being taken over all the tesseral harmonics selected.

2.2 The Equations of Motion

If we consider the canonical set of Delaunay variables,

Lp=vpa , Gp= Ypa(l-e?) Hp=Gpeosi

’ hD=Q »

(11)



then the equations of motion of the satellite are

dp_Fp %p_¥p M _Fp
dt y dt g, dt ahy
(12)
dep,  OFy, dgy,  OFp dhy,  OFp
= " T=T w T o 3 ar - " a0 2

dt BLD ! dt BGD dt b D

where FD is the Hamiltonian of the problem:
2
F. = +F, +F (13a)
D 21‘]2) 1 2 7
where
Rz
Fl=-J2p;§- P2 (cos B) (131)

which can be expressed in Delaunay variables, and

Here, the Hamiltonian FD depends explicitly on time. To avoid this, we can perferm

a canonical transformation so that the new angular variables will be
=145 , E=8p > h:hD“Vt
To find the new momenta and the new Hamiltonian, we have to solve

Ldf+Gdg+Hdh -LDdﬂ-GDdg-HDdh—(FD-F)dt=dV

)

where dV is the differential of a function. We keep the solution corresponding to
dV = 0 as follows:



G=Gp
H=Hj ,
F=Fp+vH

The equations of motion then become

dL _ 8F dG _ 9F
da a8z dt og
a _ _OoF dg_ _oF
dt 8L ? dt ~ G

with F=F_+F, + F_:

0 1 2
2
F . =—7+ H
0 2L2 ?

dH _ 8F
d ~dh °
(14)
dh_ _9F
dt 8H °?
)cos 2u| , (15)

in the above, u= g + f, and { is the true anomaly.

The Hamiltonian is now expanded in terms of powers of the small parameter

F =04, ,

2
F, = 0@3)

10



3. HORI'S PERTURBATION METHOD BY LIE SERIES

In order to remove the variables # and h from the Hamiltonian, we shall apply

Hori's method by the use of Lie series (Hori, 1966; Aksnes, 1970).

The greatest advantage of this method is the fact that the Poisson brackets that
appear are canonically invariant, which means that each bracket can be calculated in
terms of the most convenient set of canonical variables. Also, this method avoids

mixing old and new variables.

Let us consider a system of canonical equations

dx, dy.
aF oF .
dtJ: 5 E1].:—--—------:-- N J=l’.-.’n . (16)

i 1

where the Hamiltonian F is developed in powers of a small parameter e,

0
F= E Fk s ;Fk=0(ek) H
- k=0

and let us also consider a Lie transformation (Hori, 1966)

ORIGINAL PAGE IS
OF POOR QUALITY
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where { , } are Poisson brackets and § is a function of (x’,y’) of order 1 in e:

S:ESK'

K=1

Then, if f{x,y) is a function of (x]., yj), i= 1, n, it can be expressed in terms of the new

variables (xi,yjf) as follows:

tx,y) = f(x, ") + {1, 8} + 3 {{£, 8}, 8} + g {{{£, 8}, 8}, 8} + ...

The equations of motion then become

dx! dy’ .
i_ E)F,’ G BF’ amn
& "Byl at o]

where F' is the new Hamiltonian;

: - 14
F'= E Fk .
k=0
If we assume that F does not depend explicitly on time t, we can write the energy
integral
Fx,y)= F'(x',y)

Expanding in terms of ¢ and collecting terms of the same order of magnitude, we
obtain

Fo=Ff
F + {FO, 8,1 = F| , (18)

1
{FO’SZ} +-§{F1+F’l, Sl} +Fy,=TF} .

12



In order to average these equations, we introduce a pseudo time t’:

dx! oF dy’ 8F
—J-_0 i __0
& " dat’ ]

If this system has a solution, then

d
X k=1

{Fossk}z'a'ti_ ’ 3

and if A(t’) is a periodic function of t’, with period T, then

T
— _]-_ ’ ’ 19a
AS—TJA(t)dt (19z)
0
is the secular part of A and
AP:A -Ag ~ (19b)

is the periodic part of A.

We can remove t' from F’ by applying the averaging technique [eqs. (19)] to

equations (18) (Hori, 1966; Aksnes, 1970). Then Sk and Ff{ are uniquely determined

by the following set of equations:

8, = JFlp dt (20)

_ 1 ’
=F, +5 {F +F,8} »

_ l ) ' '
8, = jF2p+2 {F1+Fl,Sl}p dat’

13



In the present case,

F, = Z Dk,) cos 26 (k) +z Vim

k)

and the pseudo time t’ is defined by

8F 2
! 0
d'er_"'""—i:_l‘l_' y
at L7 ~ 1,3
a__To_
T T U

so that

3

L’ 1
r _ r_ = ’
dt—-——Pzdﬂ ~dh . (21)

In the process of calculating 8,, we have to evaluate the following integral:

D(kl) sin 26’(k1)
-
fD(kl) cos Zel(kl) dt’ = 5% s

where

In the case of resonance of order (a, p),

’

2
n=t o B
L’3 a

where n is the mean motion of the satellite; thus, 6 is a small quantity appearing in the

denominator, and the preceding method cannot be used.

14



To avoid this situation, we shall introduce a procedure that is commonly used in
different resonance problems (Garfinkel, 1973; Hori, 1960). The method consists
of developing the Hamiltonian and the determining function S in powers of the square

root of the small parameter:

S=Sl/2+Sl+S3/2+Sz+...

If I’ is the new Hamiltonian, then

[P nt ! ' ¢
F FO+Fl+F3/2+F2+...

and equations (18) now become
F'=TF +{F,8) o} +{Fg, 8} +{Fy, 8, o} +{F}, 85 +1F,8) o} + ...

5 {05 s S ot + 3T ) o}, 8)) +5 17,51, 8) o)

+ % {{{Fos Sl/Z}’Sl/2}’ 81/2} + "21'? {{Fos Sl}’ Sl} + é‘ {{F]_J Sl/2}’ 51/2} t...
(22)

Equation (22) immediately yields to order O:
FB(L’? G',H") = FO(L’: G’, H')

We shall group the different terms in equation (22) according to their order, but first

we need to develop some of the Poisson brackets in the following manner:

First consider

o Byg By
L3 o B

P8y /9t =~

As 8 1/2 arises strictly from the existence of a resonance and the resonant terms are
functions of the resonant parameter cI>(’1 8 =a(f'+g" + ph’, we look for a solution
?
_ 4 ? 4 14 ’
81/2 Sl/z(L ,G',H', g’, ti)a’ B) such that

15



Thus,

2 a8 88
(¥ W 1/2 _ 1/2
{Fo’sl/z} ( e + 0.) or Yar ’

where y = (vﬁ/u)-(pz/L’g)is a small parameter that can be assumed to be of order

1/2, so that {FO, S, /o} is of order 1 in equation (22).

1/2
Let us write
5 L= SJ Lt SR 1 2
where SJ 1 arises only from the effect of Jz, which can be obtained by solving
r —
F1= Fig

' _
Fl—{FO,SJl} +F1:’_{SJ1= j-Flpdt, ’ 23)

and SR comes from the existence of the resonant terms that combine their influence

with that of J 9" We shall look for a solution of the form

= ¢ ¢ LS ’
SRl SRl(L,G,H,g,Qa’ﬁ)
such that

t.")‘.:"}R1
{Fg SR} = v 57—

is of order 3/2.

16



We can then write
Y= Y(L") ’

28
1 1 1/2
5 UFp 8 b 8101 =3 {V _BITL’SI/Z}

88, /5\2 8
_lay (i/2)y 1 )7L/ .
=32 e (aa’ ) T2 V%a,e' d Sl/z} ; (24)
et "
of order 1 of order 3/2

1 1 1§ Ry
7 UFgs 818y ot = g UF Q8T 1h 8y o) + 53y 5772510

2 1 A G V4 2 9L" a2’ o’

. (oS,
+-§'Y —aE, )Sl/z ] (25)
where
' oSR. &S
1 loy 1 "1/2
5 1{Fg 87,18 o} and 2oL B o
are of order 3/2 and
1 J9SR,y
AR ISV,
is of order 2;
3
) 58 as a8
1 185y (B lg\,_( 1/2) 1/2
5 {HFg81/0h 8101810t =5 g (81!’ ) Yeaw\m e S
as
1 1/2
TEY {%8}2’ ’81/2}’81/2} ’ (26)



where

is of order 3/2 and

98
1 1/2
B Y {{ A Sl/z}’ Sl/z}

is of order 2. In the expressions above,

@y_,=§}f oy _ iz’
2
BL L;4 BLIZ LIS

We write F2 in the following manner;
. 2
F, = 2 E D(k,) sin” 6(k,) -Z Dik)) + E Vim
K k)
where

™

ok =5 -0,k ,

and D(k,) is a fimction of (L', G’, H’, g'); we assume here that g’ is reduced to its con-
stant part g(’). The secular part of g’ should be taken into account when the long-period
perturbations are removed.

We shall assume for the time being that our Hamiltonian contains terms for only

one particular value of k,, and thus we can drop the k | index for convenience.
We now proceed to splitting equation (22) by grouping terms of the same order.
A. We shall allow the first approximation of the determining function, S1 /29 to

contain the resonant part of the Hamiltonian, which means that it will contain secular
terms. We then have, to order 1,

18



2
95
{F,, 51/2}4-% -g-LY7 (—-—1/—2) +2D sin® 0 =0

Y ?
or
B2y 3 p2 5, /o 2
Y(Bﬁ’ t3 L’4 BT + 2D sin” 6=0 . 27

This is called the "resonance equation. "
If

N
2
3p ukl
{28)
2
212Dy

L’4 Y2 !

and we assume that Sl /2" Sl /2(8), then by solving the quadratic equation (27), we get

8
2= -azay1-Pan’e (29a)
or
8
1/2 _
w5 -Al-D (29b)
if

A=+ ‘/l-k2 sinze . (29¢)

We discuss this in detail in Section 4.

19



B. To order 3/2, we have the following:

SR 881/2 E}SR1
[

88
_ 1, y)"1/2 8y "1/2
Fé/z““é?’_*z{w_’sl/z}*aﬂaﬂ o

88, ,. 88J
1 13y 1/2 1
+5 {FusI L8 ot +3 sh 5 o T 1F Syt

2 88, ;.\ oS as
L1y ’1/2 g ﬂ’_ }/2 ,1/2,,3 ,
6 BL,z af 2 8L ot ot 1/2

or

2 3
Pl ya ol A —,.——asl/2 5, bal 2 BSI’/Z)
3/2° Y= B’ 2 Yo' ’°1/2( 78 L2\

o8, ,, 857
1 lay "1/2 1
H{FLS ot +5 UFeSI LS wl v 550 5 o ' (30)

We notice that in equation (30}, some terms contain only S 1/2 and are therefore due
only to the resonant tesseral harmonics, while others express the interaction between
the resonant terms and J 9¢ Let us therefore write

SR=7%,+2, ,

where Z 1 contains only those terms that are functions of S 1/2? and Z, contains all

the others. If we write F’3 27 X + Y, we then obtain two equations:
! YA /2 1 azx /2 ’
X=vAgr*t 3 yar Sue( e e \ar ) (31)
8L
and
o5 aSsJ AJZ
= 1 1 1/2 91 Y29

20



N

C. Finally, to order 2, we have

Fr - = - D(L” Gf’ HJ" gr) , (33)

2 FZS

and

0 =th’m +{Fp, 33/2} +{F Syt + {Fgs Sy}t
1 SR 1
+§Y {—aﬂ' ,31/2}+§{{F0,SJ]_},SJ1}

S
+3 Y{{a—-"zl/ 2, 31/2}’ 51/2} RUNEN R AERTIWARE S

88 88
1/2 1 1/2
%I{I' TR ’Sl/Z}’Sl} +E{{%YI:’ Tl ’Sl}’sl/2}

2
a5 8s 88
1)) ey (P 1 Jay (B1/2) )12
+E{{ 5L (af )’Sl/z}’sl/z} o {BL’(af’ ) {aef ’51/2}’81/2}

oS a8
1 8y 1/2 ( 1/2)
4L {{ TR Sl/z}’ Sl/2} TR ' (34)
Equation (34) defines Sz, S:’Z, and S3 /2" The term S2 arises from the existence of
J2 only:
1
{FO’SZ} +§{{F03 SJl}’SJl} +{FI’SJ1}= 0 ; (35)

Sé, which takes care of the nonresonant tesseral part, is obtained by solving
L ’ —
{FO, Spt + E Vn’m =0 (362)

s[>V 6b)

or
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and S3 /2 is due fo the resonant tesseral harmonics, which we assume to be a function

of 6, such that

i
- 3/2
{FO’ 33/2} =Y EYH

oe  Ba/a 1 JB +1@z_(a_sf_;f‘i
Y oL Y Yarr *Fi/2{ " 2 oL \ar' /) o’

88
‘5 Y{{WME’ Sl/z}’ 31/2}+ 3 UFg I LR} 5 HF LS, )8, o)

(( 88 . o8
1 ““1/2 1)yay "1/2
"% i%LL ar ’Sl/z}’sl} *% {{BL’ a7 Sl}’sl/z} e 2 (37

If the Hamiltonian contains more than one value of kl {usually k 1= 1 is enough),

we can write

S1/2° Z S1/2,k,
kg
Z) =Z Lk,
ky
(38)
Zo :Z: Zz,k1 J
K

We first obtain S1 /2 by solving equation (27), replacing S for each
value of kl’ and adding the different S

terms of the form

1/2 %Y 5175 1,

terms. This amounts to neglecting mixed
1/2, kl
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Brz,k, Bk,
ETY X

in this theory.

We then solve equations (31) and (32) in the same way, again for each value of
kl, and add the perturbations obtained; the neglected mixed terms are reasonably
small.

If (L,G,H,2,g,h) is the set of modified Delaunay variables as defined in Section 2, |
and (L’,G’,H’,£’, g’, h’) are the new variables, then after applying Hori's transforma-

tion, the solution of the equations of motion (14) becomes

95 1§88 1 85
L=L"+ YK E{W’S}+-§ {{EF’S}’S}+'.. ’
. a8 1 jas
G=G +a—g7+-2-{'¥g,,8}+. ’
, . 08 1 j88
H=H +W+-§{a—h7,3}+. ’
a8 1§88 (49)
— 97 _ _2 oo _
L=2" - 5p 2{8L”S} s
95 1§88
g=g'- aGE{EES} :
- W - 3_3_,1{@_ _
h=h- 553 8H”S} ’

where S= S(L’,G’,H’,£’,g’, h’) is the generating function

S=8 +8J+8R+ ...

1/2

Then, if

2
F = _P'_ L 1
F e + vH E D) + F}
51

is the new Hamiltonian, we get
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dL’ _ aF’_O
a&  a
dG’_ aFI—O
a &
dH' _ ' _ o
R R
!’

@ eE u2_8F1+ 8D(k1)=£'
Et_‘“aL"L,S oL’ 2: oL’ 12

k

1

r
ag/ __or _ M N DG
- 8G’ &1
kg
r

aw __aw 1 P8
) ) ZBH’ 1

ky

where £}, g{, and h; are constants such that

U MR
g'=gitrgy
' — W’ !

h—hlt+h0 ,

with ¢ 6, gy and ha also constants.

In Section 4, we will give precise expressions of the perturbations up to order
3/2.

found in a classical theory of artificial satellites, for instance Brouwer's. However,

The perturbations due to J 2 only are not considered in this paper, but can be

the interactions hetween J o and the resonant tesseral harmonics are expressed with

the generating function Z 9
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4. DETAILED EXPRESSIONS OF THE PERTURBATIONS

In this section, we drop the primes in the variables (L’,G’,H’,2’,g’,h’), since
no confusion exists here with the original Delaunay variables, which do not appear.

4.1 Expression of Sl/2

As we already have seen,

a8
1/2
#:A(A-l) s
where
A=cyYl-K sin®6 |, e=x1 ,
so that

6
sl/2=-A+eAfy1-k2sin2xdx . (40)
0

Let us discuss the value of € in equation (40). TFirst, we consider the case when
2 .2
k<l

For any value of 8, 1 - k" sin” @ > 0, and we are in the circulation case. In
order to have continuity with the classical solution, valid away from rescnance, it is

necessary that Sl/2 — 0 when k — 0. Since A —« when k — 0, then, necessarily,
¢ = +1. Otherwisge, Sl/2 — -0 when A — .

For the case when k= 1,

A=e¢cosO ,

e
fA(x)dx= ¢ sin ©
0

In order to have continuity when k — 1 and k < 1, we must have e = +1.

25



When k > 1,
2 .2 1 .1
1-k" sin” x = 0= - arcsing = x < aresing ,
and we are in the libration case.
We need to know the expressions of the elliptic integrals of the first and second
kind — F(9, k) and E(9, k), respectively — for the cases k > 1 and w/2 < 6. For these,

we have the following formulas (Gradshteyn and Ryzhik, 1966):

E(mw+6,k)=2mE z+ E(6,k) ,
(41)
Fmm+ 6,k) = 2mk + F(6,k) ,

where E and K are the complete elliptic integrals of
E=E(3,k) ,
F=F (%’, k) -
Then, ifk, = 1/k, wli=1- kz, and 6, is defined by sin 6, = k sin 6, we have

E(©,k) = k, [k2E(e’,kl) £ k2 F(G’,klﬂ ,

F(®,k) =k, F(8, k)

(42)

Returning to our problem, we see that in order to have continuity when k — 1 and
k > 1, we can take ¢ = +1 in this case also, because, from equations (42),

lim E(@,k) = lim E(®’,k) = E(8, 1) = sin 6
k-1 le—1

In conclusion, whatever the value of k, we can write S in the form

1/2

8) /o= ~AB + AE(®,k) .
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To simplify this, we can set

I,=E@®,k ,

I,= F(8;k)

Then the derivatives of 8 1/2 are readily obtained:

o5
1/2
-éf-——-/-—=a.02'\((A—l) ’
a5
1/2
'a‘g‘"z“zd"z" (A-1) + cova, (Ih-L)
o5
1/2
_ah_.....l.._:ﬁczy(A—l) s
(43)
B0 2
S = (Iy-9) + 8cy (I,-0) + coP  Y(A-1) + (cyya; - 4c) V) -1
o8
1/2
#:czypzm-l)+czyaz(12—lo) ’
a5
1/2
B_H—=Y02p3(A-l)+cz-\"a3(12-10) ’
where
sza ’ i L 2
and
_1 D _ %
41D ¢’ P17%L
_1 8D _9
22D G ° Pz“a% ’ 4

[eq. (44) cont. on next page]
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_ 18D =8
®3"DoH ° P37 e

1 8D ap

_1 3 = 44
%~"Dog Py~ (44)
d=p+p,

To caleulate the elliptic integrals, we use the following expansions (from Gradshteyn
and Ryzhik):

0<o<% ,  K<1,
Fo,0= Y (%) o 0 (45)
m=0

Be, k=Y. (L5 A 0

m=0

where
ty@ =6 ,
t.(8) =1 (8 -sin O cos 0
2()—2( sin 8 cos 0) ,

46)
_2m-1 1 - . 2m-1 (
tam® = 2 Bm-1)® ~3m cos O sin ®

-1" (2)
(B =—5— >

in which

(a), = a(a+1) <+ (a+n-1) , n=1,2

(@)g=1 ,
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and

o0 2m
(1/2) . (1/2) k
Kik) = %+ Z mm! m!m ?
m=1
. @47)
2
_m ] -1/2 2m
E(k)—§+§: (1-2m) (m) k

4.2 Expression of Z 1 and Its Derivatives

We first calculate the Poisson brackets that appear in equation (31). After some
algebra,

as .
1/2 _ 1 2 sin O cos B
{—af, ’Sl/z}‘ acyy I:(A—l)(A- 1)+ k” 1, -0) S22

2 1
+ dacyy (A-1)7 +e,xy (A -1) (a- %)

2 s5in 6B cos B 2 sin 6 cos &
+(Iy-Ig) epyxk” “=r— & dac vk (I, -9) “’"‘T"'“] ,
(48)
where Cos Y k, and A are as defined earlier, and
3
L
€17 Lz ’
3p a
' 4
x=3 (day +oa  +pag -1 a) *9)
d=p+ Py
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The equation that gives X and Zl is then

2
8z 1 9CsY A

1 2 sin 6 cos ©
X=yAW+—————2—-——|:(A—1)(-—A-—1) + K (I, -8) T

2 1 2 sin 6 cos ©
+dac)y (A-1)7 + ¢ Xy (A-1) (A -—A) +ep XYK" (Iy-1) g

2 3
187y 3.2 A-1 2
+§ 5 O CoY (——A ) + 4oclyk (12-6)

(59)
oL

sin O cos B
A

Since (A-1) is periodic in 8, we do not find any constant terms;

We assumed earlier that SR, was a function of 6, and we will now assume that Z is
a function of © only. Therefore,

-
.

and the following equation gives Z 1

8z

1 1 2 gin 6 cos 6 2
o~ "CY [(A —1)(E-l)+k (Io—e)———Z——— + 4acly (A-1)

1 2 gin 6 cos B
+ ey xy (a-1) (A -Z)+ oy YXK™ (I, - L) SP=200=

2 sinGcosg 4 2 1
+ 4ac vk (12-9)—~——E-———-§acly(A -3A+3—3] . (51)

In order to integrate this equation and obtain Z It the following expressions are useful:
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fx sin x cog X dx _ X A(X) + IZ(X)

- ]
V1-12 sin?x K2 K2

I, (x) sin X cos x dx Ax) I 2 2
fz - - 2+—; (x-l‘--x+k—sin2x , (52)

V1-1Zsin?x kK K 2 4

fIO(X) sin x cos x dx IOA+x

V1-:Zsi?x K2

Thus, by setting

q; = acyy and Qy = CoVX

we ohtain

2
_ 20 . K /20
Zy=cyy {12(“‘12*8‘11) - 9[3 r2a) -5 (Fa 2‘12)]

2 20
- =< sin 20 (2 q, + 2q,) + AL, (A +4q)) - A8 (1+4q))

+ 1, (1 -y - % ql) + Al (l—qz)} - (53)

Then the derivatives of Z, with respect to the variables L, G, H, £, g, and h are

8z 812
T 7OV T 2T 8y Ay

2
20 [, 20 K (20
‘ax[3+3q1‘z 3‘311*2‘12)*“(”4011)}

o1
o (L9 -39y AU - )
+~g-%[12(q2+4q1)—e(l+4q1)+10(1 —-qzil

2

2
20 k™ 90 1 gk~ .
- ( 7 d;* Zqz) (——2 % €08 28 +Z—8X sin 28)

By (2 K
s I, + k"6 - = sin 20 + AL, - I, - Aly) (54)

[eq. {54) cont. on next page]
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oq 2) 2
1 20 k 20 k- 4
+e(—02\{ BT [812"' 3 ( - 5 9——'3——‘1'8111294-4A12—4A9'-§IG

2
1 20 k™ 720
+ (4 Cl\j +E) {12(2+q2+8 ql) -0 [3-1"'?(111 -y (—S-ql +2 qz)jl

2
k™ . 20
-7 sin 20 (—3 qp + 2q2)+ .ﬁkI2 (q2 +44qy)

4
- AB (1 +4ql) + IO (l - q2 —§q1)+ Mo(l—qz)}) (54)
forX=1, G, H, £, g, and h, where

e=1 if X=1',

e=0 if X+1L' ;

_%_E(An_l_)_kzsinecoseﬁ_e__
2 A

axX N % (55a)

ol a

2 o0 X

woEAtZ Ol (55b)

Mo 10 2%,

X aox Tz Ta-Tlp

with

9
o dx 1 2 sin 0 cos §

1-2(9)’,['_3"_2‘(12'k =) (35¢)
5 A 1-k

oq

2 _ X 1

=X = G Y 8X+e(4 cl\(-!—a)x ; (55d)
® _ % ® _a
oL 2 ° ar — 2 ?

20 _Jw _ P2 0 _ P4

axX 8¢ 2 og’ 2 7 (55e)
» _Ps ®»_p
aHr" 2 3 ahﬂ 2 »
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0 if X=¢"orh
4 2 -1/
4 ~F7 3 if X=1L
— s — L4
2y =< 2y if X=G {55%)
aq if X=H'
ay if X=g ;
and
oa oa oa op .
ox _ 1 1 3 2 4 a_
‘5(‘2(0 X +B 5K +d8X +B 5% + 4e Lz) . (55g)

4,3 Expression of Z2 and Its Derivatives

‘From equation (32) and from the fact that {F oS 1} =-F
follows:

1p’ we can derive Z2 as

5%
_ 1 2,18y Bi/s o8
Y=AF,S) ol -5 F 1S ol YA Y23t o0 a1 (56)

Here we can neglect F 1p’ the periodic part of F 12 @8 it is of order 1 in eccentricity

and therefore very small for the satellites we are dealing with. We then have

62,
Y= {Fls’sl/z}+ AR - 7)

Since there are no constant terms,

o8 88 88 |
2 _ 1/2 1/2 1/2
yA———~(b L2} + by 55 ) , (58)

where
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4.2
b_aFl 33K R (__1._+§_.1f>
- )
1 3L G314 1712
4.2
b_aFl_ 3J2pR(_i+§Hz)
. 5 ’
2 3G 13t 171
oF | 3. *R%H
b = s:+§ 2
3~ 8H 27 35

and, since Z, is assumed to be a function of 6,

oZ 2¢ |— I,-1I
2 2 A-1 2”0
w o L(bla + bzﬁ + b3d) A ) + b2a4 ( A )jl . (59)
If we write
2¢
Bl= i (bla +b2d+b3[3) s
202 (60)
Bo=-a P2y
we can obtain Z o from equation (59):
- 0 Iz(x) - IO(x)
Z—Bl(e—IO)+B2J.——E-(;5—-—“dX . {61)
0
Now we can write the integrals (Gradshteyn and Ryzhik, 1966)
0
1 (x) I2
o
o AR 2
8 ) (62)
J‘ I, (x) I, E (I,
AN dx= 5 +logzay
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where E and K are complete elliptic integrals of the first and second kind, re spectively,
and @ is the following theta function:

* 2
Om)=1+2 z ™ ™ cos (2mv) ,

m=1
in which
- 14
q=exp(—1;{£) R k= l—ls:2 , (63a)
and
u
v= ’;—K . (63b)
The derivatives of Z,, then, are
Ty L (m )B
X 1\3X "X/ "B 0
e
oB (@, -1) (%) (I -1 )
2 2 0 o8 2 0
TR 200 ErBem \Ta /P A (64)
0

where X = L/, G’, H’, ¢/,g’,h’ and, if Kk? = l-kz,

2,,2 2
a I k™ I 2 . 2 . 2
U&@gp Xz [0 +-§2—-I I _(IZ_IO)k sin § cos 6  k sin ] ;

oy 2 o' A 5
oB 2¢, /ob,  8b ap ab
1 2% (Bh) 2 7 TR T T
= o (ax ot 55 4 5% Pe TR B)—L’Bl ’ (652)
8B2:_202 (abza +b“—f-)-a—4) <5
X s \aX % tPeEx/ "1 P2 0

where
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e=0 if X

#L

e~=1 if X=L' ;
oy
-éS(—:O if X=2¢2"orh ;
5770 567 BE? andw are given in Appendix A
Bbl 8b2 8b3
D S if X=¢2'orh'org’ ;
e W
L T’
abz—-3b |
8L’ "L 72
ab3__ib '
8L’ "L'"3
b, 3b, o J,u RH?
e i 3
oG G 2 L,4G,6
4.2 .2
aG'l’ Gf ] L’3G’7 ’
8b3_ 5b3
Eedialy
42 .,
Dy phpRHE
¢H 2 1A G5 '
4.9,
_332___1-—5-J2pR H '
e’ ) LISG’G H
4_2
gh =§J2|_1 R
oH 2 L'SG’5
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We also need the second derivatives of Z2 that appear in expressions such as

{82,/ 8%, Sl/z} for X= L’,G’,H’, #’,g', I, as they are used in the final expression of
the perturbations. Their equations follow: |
2 2 2
a7z, 28]31 a_s_ﬂq)+831 6-1)+B (aze ) 810)
oX oY oY X 8X aX 8Y ( 0 1\0X 8Y oX oY
2 0
. 8B, I~ I, s B, yg(Y) . 8B, » (IZ-I())
X oY A ax gy ox A
0
B %6 (12—10) i (812/8Y) - (aIO/aY) 1 8A 1)
2 X 9Y A 2 aX A A2 8y Y2 70
3]
oB 2 I,-1I
2 {4l 2 0
' VQ(X)J’BzI ¥ X ( A )dx 3 (66)
0
where
2 2
88  _ 18 . ' '
X 57 _ 7 53X o7 if XandYareL',G,H, or g/,
[see eqs. (A-9) in Appendix A]
829
= i i ! 4 .
5% 5% 0 if XorY)is (¢ orh’) ;
2 2 2
8°B, _ _202 °b; . &b, d+8b2 Bp4+ ép, b,
ox. oY a X 8Y X dY ax oy X oYy
sz azb oB
+ 4 b + 3 8 _ € 1
aX oY 2 oX oY L” &Y
4c &b ab op ob
e 1 2 4 3 €
+7?|: = (BX u+8X d*ax b2+8X [3)+L’2BJ ’
in which
e=0 if XzL" ,
e=1 if X=1' ,
n=0 if Y=zL' ,
n=1 if Y=L’ ;
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2 2
8°b, azb2 ob,

8X8Y=8X8Y28XHY=O if XorY)= (" org orh’) ;

8LF2 L;Z ].

2

a? 1?2

2

aL? 128 7

sz sz ab

2

2

i WA W S T

8L’ 8H’  9H 8L’ ~ L' 8H’ ?

b, 5 b, 277, RPE? -
——— — ""_""b _ _ — .
sa? g2 ! G oG’ L gr? :
2 2 4.2

3b1 —Bbl _45J2PRH’

r F— 7 F T H

8G7SH’  GH’ 8G' 2 1 A /b

2 4_2
b 9 %HE

an? 2 pAgd

2

S b2 _ 82b2 _ 3 abz .

aLf &’J\_f aGf aLI - = L} "a—G'T H

2 2

o b2 ] o lo2 B 3 8b2

oL" 8’  B8H oL’ "~ 17 8w’ ¢

32]3 J 4R2H!2 b

3: _ 105 oM 4 T +—4—b
[ ! H

oG’ PR ¢ L2

[eq. (67) cont. on next page]



2 2 '
1 R°H

&b, :abz =_i"%2+5Jy1

eG’ 8H' oH' aG’ G’ &H’ L G,?

2 4.2

Iby_ 15 PR

2 2 1 8gh ¢

9 2

Ohy %% 3 73

A U VAR v e A

9 2

g PP 3 P

8L’ o’ oH’ oL’ L’ 8H’

9

Obs 30,

i L S

9 2

by PPy 5%

5 s S 56 G/ o’

82b3

_—:0

ol ’

2

o', (o ) saay 1%

B aan 2A 2 Frd ax 25w |

-2

- IO)

(67)

_k2 sin 6 cos 0}
A ?

+k {_?I_0+_l_ (alz_akz sinecose+kzsinecose_ii_z}_
T T 2\ W A A2 oY
_kZCos.‘ZB _a_zp_ L 1 Bk I
iA  BY k,48Y 2
o°B 2¢. {8%b % a, &b, oa oB
2 _ 2 2, o, 274 2 4) e 2
53X oY T \BX oYy 4T EX T oY X/ I &
8¢ &b oa
1 9 4
“{'T (’a‘i’c‘%*bza_x') L,sz}
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Note: In the expression 8222/ X 8Y, we have neglected the term

6
B 5 Ty dx
2) &YX \ A ?
0

which is a very small quantity.

We also give the second derivatives of S 1/20 SO that we can calculate Poisson

brackets:

a8 58 88
1/2 1/2 1/2
{ax ’SI/Z} ’ {ax ’Zl} ; {ax ’Zz} RS

If the first derivatives of S are in compact form,

1/2

a5 ol
1/2 _ 2 B8O 2
2 2 <8X_8X)+ E(:[2“.9) (801Y+0,) ?

ox -
where
e =0 if X+ L' and e=1if X=1' ,
then
2 2
m=zc 812 ..828_. + EZ._E (SC +.?.
axX 9Y 2Y\3X oy ~ BX oy “\sY oY 1Y (1)
a 2
2 2 oo L’ 1
“?[(8"1"’*3) (‘a‘f"si)”eﬁz-e) (EY+—aL’>:| ’
where
n=10 if Y L’ and n=1if Y=1L' ,
and
821 ) ol ol
2 =.l aX(I _I)+é3pi§+_p§_§_+3 2_ 0
gx gy 2 9y 2 70 2 &gy 2 8 2 \9Y oY
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5. REMOVAL OF LONG~PERIOD TERMS

If we do not assume that g’ is constant, as we did in Section 4, then, after

eliminating ¢/ and h’, we are left with the following system of equations:

i’ _ oF” e’ OF
& t L
* *
dG’ _ oF dg’_ _oF 68
&* "oy i " T (68)
*
dH’_ BF dn’_ _ oF
dat an’ °? d ~ a8y’ !
where
. *
F —F0+F1+F2 ,
2
F =_E_2+ VH’ R
21/
(69)
*_ * 7 ’ !
Fl_Fl(L’G:H) H

* *
Fz == E D(kl) = Fz(L’: G’; H’: g’)
k

1

We now proceed to remove g’ from the Hamiltonian, by performing a new cancnical

transformation using Hori's method.

We introduce a determining function S’ and a new Hamiltonian F such that, if

L% G", H", 1", g", and h” are the new variables,

**_ * " "
F, = F,(L",H")

ok * N I 1
F, =F/(L",G"H" ,
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and

* %k

* *
{Fp 8"+ Fy=TF,

*ok
Introducing a pseudotime t , defined by

*
ar
d i l n I’
Er= -7 L, 6 H)
dt
or
OF !
**® " : o 1
dt = pdg with p-(—ga*;,—) s
ok
we can solve for F2 and S’
k¥ ok
F2 - FZS ?

{F),8'}=~F, s'=fF* at™™ .
0 2p — > 2p

*k
2 g
fixed value of kl’ the complete expressions of F, and 8’ are then

* *ok , )
Fy ZZ Fy (k) B ZZ 8'k;)
k) ky

Let us find the secular and periodic parts of ¥ By using expressions for only ong

We can assume that k 1 is fixed and can drop the index k 1 in the following derivation.
We then have

where
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in which
Ai = S(kl’ ko) A(kl’ko’ X)
¢;= (ko - 2%) g - Akl’ko ,

and the summations are taken over values of x and k0 [see eqs. (8) and (9}]. Hence,

D? ZA £2 ) AA —4ZAA sin ( i_d)')

i<j i<j

R D oaAsin’ [6;-49/2]
( ) (Z Ai)

To the first order,

( ) ZAA sin” L, ¢)/2]
AL -

i i
Therefore,
D A |
Fo = et 11 _ Ai ’ (70a)
24
ZA A cos by ¢ )
3 (70b)
S
1
and
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ZAA coS (b -y AA sin (4§, =)
S”"Pf dg” = - [(k -—2x)—(k —2x)}
ZAi E i<

If we set (1»:0 - 2){)i - (ko - 2x)j = aij’ then

(70c)

®y B

w0

6, .

A D Adbyoos e s

and, if X=L", G”, or H”,

’ s

S o > By x P AL A S0 -4
ax a..

E A, | i< 1

1
| A A, sin (¢, -,
AN (03 ¢;) o
2 1, 0.1] ?
E A ( A)
where
dA,  &S(ky, k)

ALxTR TR Alkys ko %) + Stky, ko) 7 (15K X)

[see Appendix A, egs. (A-2)]

k]

oF E(AA rA, A
2. 1§Ai i, %] _ZAi’X_(iiy (ZAiAj) (ZAi,x) :
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The new Hamiltonian hecomes

Ak ok * ok ok
where
%ok 2
F, =—E£= +vu”
0 2 ?
2LH‘
**..... {4 " "
Fl = l {L",G",H")y ,
**__ M n H
F2 —FS(L,G,H) 3

(72)

and the passage from the old variables (L/,G",H’, £’,g", ") to the new ones is given

The new system of equations is given by

a’_ eF " "

@ "wm o &’

4aG”_ 8F o

a g =T
*%

dH”_ OF dh”

ok

ok
oF
aG”
*

& "@® 0 & T

(73)

(74)



ok
and, since F** =F (L”,G",H"), the solution is

L"= L8= constant ,
G”= Gg = constant ,

H"= Hg = constant ,

‘ 75
2”= ﬂrr + ﬂ" .t ( )
0 ? 3
g"=gyteht ,
h" = hg +h",t ,
where 123, gs, hg J!”, gl, h’l’ are constants and
» 9 oF _ O,
o= - OF__ _ p° " ls 28
1 aL” L”3 oL” aL” !
*
* % oF orF .
" oF ls 28 (76)

gl:_w" = TaeT T aa” )

*
*k
JF aFls ans

h!f:._ P - e ——E
1 oH” VBT T aH”

Returning to the initial set of modified Delaunay variables (L, G, H, £, g,h), we

now have
o8 1
L=L'+-§£—,-(L',G’,H’ :g;h’)'i'i{a S} t. ’
98 P 1 {a8
G20 gy (L, GLHL L6, ﬁ{"a‘g:“’s% !
H=H + 2 (L, G, B, g0 + 248 sbe Ll
ch 2 | 8h’?
(77)
. 188
2=12 - ,(L’ G, H’,1',g", b E{E s} ,
g= gr _ (L' G:’ Hr g.r hr _1_{_§_ S}
aGf 2 2 aG H
85

)
hzh"W(L’:G':H’a agsh’)" {HIJS}""' ’

where S= 8 1/2 +8I+Z 1t ZZ’ which, with the help of equations (28), gives the com-~

plete solution.
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APPENDIX A

DERIVATIVES OF D(kl) AND z,b(kl}

A, 1l Tirst Derivatives

We recall the following equations from Section 3:
2 2 2
D7(k;) = B (k)) + C*(k)) ,
t

D(k,) cos §(k) = Bk ) ,

D)) sin (k) = Clk))
Then, if X is any of the Delaunay variables L, G, H, or g,

ap aB aC
Dx=Bsx+tCax

EX=+g,
klp+k0

g—-§=z Z _gi [S(kl’ko) A(kl,ko,x):l cos [(kO—ZX)g —A.kl,ko]
k0 x=0

k, Bk,

I JI5 DN INIVIRN P A,
kO x=0

<‘31A(k1,k0,1s:)= 8Fn,m,p(l) EI—Ge T . G
7). 4 ar oxX () n,m,p() oe
BS(klkO) 0 if X=zxL
oX ) -2 (Bkl+k0+1)

T S(kl,ko) if X=1L

05,0 e

(A-1)

(A-2)



fX=pg,

0
aB _ i - -
o5 E i s e
0 x=0
Bk, +k, (A-9)
aC _ - - -
0 x=0
For the derivatives of z,b(kl) , we have
C(kl) = D(kl) sin ZP(kl) :
so that
80K ) (k) D(k;)
= D)) g 08 ¥lk)) + 5z sin k) (A-42)
and
8(k ;) . [ecap | D)
5K Bk, [ax “Dap 3 o) - (5-4b)

As we did in Section 2, we can now write

1= By 5L &) - " B % )
a3=%kl)%(kl) g a4=ﬁ(11?'1)%(k1) ’
pl=-g—%(kl) ) D3=%‘%(kl) )
=2k P, = oF ()



A.2 Second Derivatives

Let us drop the index k 1 for simplicity:

1D 1 (8B, .8C
‘ﬁa‘""‘ﬁ(Bax+CaX)

D
o (L) _z (12D)(33B, 20
sv\Dax)” L2 \Day/\P X"’

o2C o°B

1 (8B 8B, 5C 8C
—'('é?'a_X*'é? X " C ooy T P eX oY

Y +gand X # g, then

2

2
B _ Fa
oX BY_E Z Sow () cos [k~ 28 - By, ko}

k0 X

and

T Z Z SXoT (84) sin (k- 2008 - A l,ko]

HXzgandY = g, we have

e o Z Z X (Ko~ 2%) sin [(ky=2x)g =~ Ay )]

and
8°C E : asA '
X o = (k - 2x) cos [(k0 ~2x)g - An, m]
k0 X

(A-5)

(A-62)

(A-6b)

A-7a)

(A-Th)



If X=gand Y=g, then

°B 2
—_—= - Z Z SA (k, - 2x) cos[(k -2x)g - A ] (A-8a)
P) 0 0 k,,k
g - 1770
X
0
and
C_ 2 .
L == Z Z SA (k - 2x)° sin [(k -2x)g - A . (A-8b)
2 0 k,k
1’70
k X
We find the following second derivative of zp(kl) from equations (A-4):
8B oy, o', BC 1 @D ol (LD _ ¢ (A-92)
gy oXx oX 9Y 9Y D 8X 8Y \D oX oX 8y
so that
2
oy _1(ec _eBay 18D3C o (1) (A-9b)
X 3Y B |8X oY aY 68X D oX oY 9Y \D X
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